Remote temperature sensing is essential for applications in enclosed vessels, where feedthroughs or optical access points are not possible. A unique sensing method for measuring the temperature of multiple closely spaced points is proposed using permanent magnets and several three-axis magnetic field sensors. The magnetic field theory for multiple magnets is discussed and a solution technique is presented. Experimental calibration procedures, solution inversion considerations, and methods for optimizing the magnet orientations are described in order to obtain low-noise temperature estimates. The experimental setup and the properties of permanent magnets are shown. Finally, experiments were conducted to determine the temperature of nine magnets in different configurations over a temperature range of 5°C to 60°C and for a sensor-to-magnet distance of up to 35 mm. To show the possible applications of this sensing system for measuring temperatures through metal walls, additional experiments were conducted inside an opaque 304 stainless steel cylinder.
I. INTRODUCTION

D
ISTRIBUTED, wireless temperature sensing is essential for many fields from monitoring the condition of machinery to determining the state of chemical reactions. Applications include monitoring internal temperatures in bearings [1] - [3] , batteries [4] , and other objects in enclosed vessels [5] or encapsulating media [6] , where wire feedthroughs are prohibitive. Remote temperature sensing can also be used effectively in rotating or free-moving environments. In addition, a distribution of temperature sensors can be utilized to create temperature maps or to pinpoint hot spots.
Remote temperature sensing can be achieved with a variety of approaches. These include methods which use passive inductive behaviors [1] , [7] - [9] , externally driven magnetic behaviors [10] - [12] , optical techniques [4] , or wireless radio frequency transmitters [13] . Systems requiring batteries have a limited operating time and systems using wireless power transmission can be too large for some applications. Optical and radio frequency techniques cannot be effectively used for interrogating sealed, opaque metal vessels.
Permanent magnet temperature sensing does not require additional power sources at the temperature sensing point and does not require additional external biasing sources. This is because the technique uses the field produced by the magnet placed at the sensing point to measure temperature. In the literature, Curie temperature behaviors have often been utilized for temperature sensing [11] , [14] . This nonreversible behavior of permanent magnets can be used as "temperature memory" to indicate if an object has been cycled above the Curie temperature between monitoring times. Over certain Typical distributed temperature sensing system using nine small cylindrical permanent magnets placed in a 3 × 3 grid is shown. Four custom three-axis magnetic field sensors are placed around the outside and nine reference thermocouples are also included, one placed on each magnet.
temperature ranges below the Curie temperature, the magnetic field strength also varies linearly with the temperature via a scaling constant known as the reversible temperature coefficient of the remanence (or residual induction). This effect has been used to sense the temperature of a single magnet through metal barriers [2] , [3] , [15] . The same temperature effect can be measured in permanent magnet motors by monitoring the voltage and current of the coils [5] , [16] . The simultaneous tracking of the individual temperatures of multiple permanent magnets, on the other hand, has not been investigated in the literature.
In the field of magnetic particle tracking, several groups have worked on tracking multiple permanent magnet positions [17] , [18] , using multiple permanent magnets for translation or rotation sensing [19] , or imaging of magnetic fields [20] . Because of the limitations in the solution techniques and the mismatch between the magnetic field models and the true magnetic field distribution, tracking errors on the order of the characteristic length of the permanent magnet U.S. Government work not protected by U.S. copyright. or more have been observed [17] . Since the temperature sensitivity of commercially available permanent magnets is on the order of −0.1%/°C, which is orders of magnitude lower than the position or orientation sensitivity, errors of the magnitude observed from position tracking methods would be unacceptable for temperature sensing [21] . Alternative solution techniques and experimental methods are required to obtain low-noise temperature estimates for multiple magnets simultaneously.
This paper describes a novel method for accurately sensing the temperature of a distribution of magnets by using least squares methods to enable the separation of the field contributions from each magnet. Calibration methods are then discussed. The custom instrumentation, shown in Fig. 1 , used for making measurements is then described. The magnetic field map of a single Neodymium Iron Boron (Nd-Fe-B) magnet, the temperature coefficients, the time constants, and the hysteresis effects are also measured. Finally, results show how the temperatures of a nine-magnet distribution in free-space and inside a stainless steel tube can be obtained from sensor data. Analysis shows that optimization of the magnet orientations can drastically reduce temperature estimation noise. This paper on tracking multiple temperature points using magnets is unique in the literature and enables a host of applications for remote temperature sensing inside enclosed environments or encapsulating media.
II. MAGNETIC FIELD THEORY AND TEMPERATURE DEPENDENCE
In order to understand how the temperature of a large number of magnets can be measured, a simple mathematical model of the magnetic field distribution is required. The model can be used to inform decisions on solution, calibration, and optimization techniques. 
A. Dipole Magnetic Field Model
The magnetic field from the residual induction of the magnet at a sensor i due to magnet j can be approximated with a simple dipole model [22] ,
where
j is the relative position of the sensor with respect to the magnet, R i j = x s i − x p j 2 is the sensor to magnet distance, and · 2 is the L 2 norm. The magnet orientations are normalized such that m j 2 = 1.
The magnetic field strength as a function of temperature can be linearized and approximated as uniform for all spatial locations so that,
where T 0 is the calibration temperature, T j is the magnet temperature, and C T is the linearized temperature coefficient of the particle magnetization (also known as the reversible temperature coefficient of the residual induction or remanence [23] ). In this form, C T is isotropic and not a function of position or orientation. Alternative nonlinear and anisotropic forms can also be used and some of these factors can be captured by more complex models of B T j (T 0 ). In the simple linear case, the magnetic field strength at a calibration temperature near room temperature can be approximated as,
where M 0 is the uniform magnetization with units A/m, μ r is the relative permeability, μ 0 = 4π × 10 −7 T · m/A is the magnetic vacuum permeability, and V j is the volume of the magnet. The dipole moment magnitude is M 0 V j with units A · m 2 . The multi-axis sensors measure the x-, y-, and zcomponents of the magnetic field, and each sensor's field measurements are first rotated into the global coordinate system. Then, the magnetic field vector at each sensor can be constructed as B i = (B ix , B iy , B iz ) , where the magnetic field components are B ix , B iy , and B iz . Assuming that magnetic fields can be summed linearly, which is a reasonable assumption as long as the components in the system have a relative permeability near unity (μ air r ≈ 1, μ aluminum r ≈ 1, and μ Nd−Fe−B r ≈ 1.05), then the field contribution equations of a distribution of J magnets on I sensors can be written as,
where the offset constants, C i = (C ix , C iy , C iz ) , capture offsets from fixed external fields including the magnetic field of the earth.
B. Measured Magnetic Field
The measured magnetic field can differ greatly from the dipole model as the distance between the magnet and the sensor decreases [17] . Fig. 3 shows the predicted field of a dipole and the measured field of a cylindrical magnet at a distance beyond 13 times the characteristic length of the magnet. This measurement range encompasses the wireless temperature sensing range for these sensors. Closer measurements were not taken, because the field magnitudes approached the maximum field limit of the three-axis sensor.
It is clear from this map and maps produced by others that the field close to the magnet does not match the dipole model [24] and in some cases can be asymmetric. For temperature estimation, one way to increase the signalto-noise is to place the sensor and magnets closer together. This means that the temperature estimation experiments are operating in a regime where it is important to have either an accurate measurement or an accurate model of the magnetic field behavior, since the dipole model can be significantly different from the measured magnetic field. Several groups have attempted to model the field of permanent magnets using analytical [25] , [26] , distributed monopole [27] , and neural network [24] models. These can be used as substitutes for (1) to create more accurate predictions of the magnetic field.
C. Linear Temperature Inversion Solution
Nonlinear solution techniques are required to solve (4) if temperature, position, and orientation information is desired. These equations have a large sensitivity to position and rotation and attempting to obtain temperature simultaneously may introduce large errors. However, if the magnet positions and orientations are known or do not change over time, then the temperature solution simplifies to a series of linear equations. Since the unknown temperature information is multiplied by the known position and orientation information, (4) can be rewritten as,
The vector P i j = (P i j x , P i j y , P i j z ) indicates the three entries in the x-, y-, and z-directions containing the known positions and orientations of the magnets and sensors multiplied by B T j (T 0 ). This can then be reduced to a linear matrix form such that, , has the dimensions J × N and represents the unknown temperature information and P is the 3I × J matrix representing the known particle positions, orientations, and magnetizations at the calibration temperature. If the number of observations (number of sensor axes) K is greater than or equal to the number of magnetic particles K ≥ J , then least squares minimization techniques can be used. The solution is then,
A temperature solution can then be obtained for each magnetic particle,
There are several practical considerations for obtaining an accurate solution including the experimental techniques, the relative placement and orientation of the objects, and the accuracy of the object placement.
III. CALIBRATION, SENSITIVITY, AND OPTIMIZATION
A. Experimental Considerations
An untracked or poorly measured magnet position can result in significant temperature errors. Because of the difference in relative sensitivity, accurate temperature measurements require careful consideration of the experimental procedure and the solution technique. There are a few different possibilities for how a temperature tracking experiment can be conducted and how the P matrix can be constructed. The sensors are first placed into the setup with no magnets and baseline calibration data are taken in order to remove the effect of external magnetic fields. Next, an insertion calibration can be conducted where each magnet is added sequentially at the desired temperature sensing location, and the magnetic field values are recorded. The P matrix is constructed from the difference between magnetic field measurement from each calibration run for magnet j and the previous calibration run for magnet j − 1 such that,
where the three-component vector for the magnetic field at sensor i for the calibration run where magnet j is added to the system is denoted as B i ( j ). The external magnetic field baseline calibration is B i (0) = C i . Finally, it is possible to conduct a known-temperature normalization on the experimental data. For example, this can be done by setting the starting temperature of the magnetic particles to a known starting temperature, such as room temperature. This allows the insertion and baseline calibrations to be conducted at a temperature different from the temperature that the experiments are conducted in. The normalization step can also reduce the sensitivity of the solution to small changes in the magnetic field that may occur during the process of assembling the components for the experiment.
B. A Priori Temperature Sensitivity Metrics
The sensitivity of the temperature measurements depends on the distance between the sensor and magnet as well as the electronic noise levels. For the case of a single sensor axis measuring the temperature of a single magnet, it is clear that the best choice would be to place the magnet as close to the sensor as possible without saturating the sensor. Assuming the sensor is calibrated at a temperature close to its operating range, the temperature noise for this simple case is,
whereˆ T j is the estimated standard deviation of the temperature noise and B is the standard deviation of the electronic noise level on the magnetic field sensors. Since B is fixed, it is clear that the noise level increases with decreasing magnetic field B T j (T 0 ). A low average magnetic field can be associated with an increase in the distance between the magnet and the sensor, a decrease in the magnet volume, a lower uniform magnetization, a different operating temperature, or an orientation that produces lower signals in particular sensor axes.
If multiple sensors were used to measure a single magnet and the noise on each sensor is Gaussian and white, then the error of the temperature estimate decreases as the number of sensors increases by a factor of 1/ √ I . On the other hand, if multiple sensors were used to measure multiple magnets, then several factors can affect the temperature noise. In order to prevent the saturation of the sensors, the magnets will, on average, need to be placed further away. Second, the temperature error now depends on the properties of P P [28] , such that,ˆ
where di ag(•) is the matrix diagonal. This equation collapses to the form of (11) for a single magnet and a single sensor measured near the calibration temperature. It is clear from this form that the temperature error on each magnet may be different and will depend on the geometric configuration of the sensors and magnets. Because the properties of P P determine the estimation sensitivity, it is essential that this matrix has a unique inverse solution.
C. Solution Uniqueness
Careful placement and orientation of the sensors and magnets are essential for obtaining full rank for P P, making a valid solution possible. Fig. 4 shows an example of different arrangements of three magnets and one three-axis sensor. If all of the magnets are arranged in a line with the same y and z locations as shown in Fig. 4 (a) but are all oriented in different directions, the matrix is full rank. If the orientations are rotated to the same direction and the z positions are changed, the matrix is full rank but the determinant is lower. If all of the magnets are in the same orientation or only one magnet is oriented in a different direction, then multiple solutions can be obtained, because the matrix rank is less than the number of magnets, hence the solution would not be unique.
There are several possible practical methods for avoiding the ill-conditioned cases; the magnetic particles can be moved and rotated, or more sensors can be added to change the characteristics of P P. Simulating the magnetic particle distribution and sensor arrangement to check the rank rank(P P), minimize the condition number cond(P P), and identify the magnets, which produce the most signal variance in di ag((P P) −1 ) before conducting an experiment, can be important steps. As many degenerate or sub-optimal cases may not be obvious, simulation algorithms as described in Section III-D can be used to find optimal experimental design configurations.
The full nonlinear equations may also have degeneracies for finite numbers of sensors as well as for certain combinations of magnetic particle distributions and sensor placements. In addition to distributed temperature measurements, some experiments that track multiple magnet positions or rotations can also be degenerate in the linear portion of the solution.
D. Optimal Experimental Design
Generally, it is desirable to minimize the uncertainty in the solution that can be introduced by the sensor placement, magnet placement, or magnet orientation. Therefore, it is useful to algorithmically determine "optimal" configurations for a particular experimental design before conducting the test without resorting to trial-and-error. Some prior work by other groups has focused on optimization for a single magnet [29] and here, we detail a different method for optimizing the position of multiple objects (sensors and magnets) for the purpose of temperature sensing. For temperature sensing, it is useful to evaluate the condition number, which is the ratio of the largest to the smallest eigenvalues [30] . An "optimal" configuration in a list of discrete possibilities can be found by choosing the configuration with the minimum condition number, min[cond(P P)].
The optimization process must also include practical considerations. For example, the optimization process should take into account the field limit of the sensors, address operational constraints, and eliminate any non-full-rank solutions. Practical considerations can also be used to drastically reduce the number of parameters in the optimization. For example, if the desired sensing points are fixed, then the optimization would involve only determining the best orientations (from a small number of possible orientations) for each magnet.
If there are no obvious symmetries in the system, global optima can be found on a discrete set of possibilities with n n o c forward simulations and evaluations, where n c is the number of possible configurations for each object and n o is the number of objects to optimize across. For a small number of configurations for each object, forward simulation using the dipole model is sufficiently fast.
IV. EXPERIMENTAL SETUP
The system hardware consists of custom magnetic sensor boards, permanent magnets, optical bench components, and a personal computer. A typical setup is shown in Fig. 5 for a temperature experiment with nine permanent magnets. The custom magnetic sensor boards utilize three-axis Honeywell HMC1053 sensors. Each of the three axes of the magnetic field sensor has a separate Wheatstone bridge for measuring the change in magnetoresistance of a thin Permalloy film. Because the sensors have a high temperature coefficient of −0.27%/°C, the sensors need to be thermally isolated from the temperature sources in the experimental setup. Effective thermal isolation methods include placing the sensors far away from temperature sources or using temperature-controlled boxes for the sensors to minimize convection and radiation. The temperature of the sensors can also be monitored and the signal values that can be compensated after measurements are obtained. Alternatively, the most highly recommend method for mitigating this effect would be to use a temperature compensation circuit [31] on the sensor boards. For the subsequent experiments, no adverse effects were observed from the high temperature coefficient of the Permalloy film sensors. This is most likely because the air gap between the sensors and temperature sources was sufficiently large so that the sources did not alter the temperature near the sensors.
The magnetic field sensors also have a low capacitance, a bandwidth greater than 5 MHz, and can measure field magnitudes of up to ±6 G at a resolution of 120 μG. The boards are covered with a conformal coating to protect from humidity effects and the boards contain circuitry for a reset strap. This feature utilizes a spiral of metallization manufactured directly on the sensor die to condition the magnetic domains in the sensor material in order to reset the polarity of measurements. The sensors are connected via twisted-pair cable to a custom board that interfaces with the 16-bit PXI-6255 data acquisition card and the NI-PXIe-1073 chassis with differential analog measurement channels.
Each magnetic sensor board was individually calibrated using a Helmholtz coil, which was used to generate a uniform magnetic field. This was in turn calibrated with an NIST traceable, F. W. Bell 5180 Hall effect gaussmeter. Each sensor axis has a sensitivity of approximately 1 mV/V/G with a coefficient of variance of 2.2% to 3.5% between sensors. With the data acquisition card measurement voltage range limited to ±0.1 V, the resolution is 3 μV. The magnetic field measurement resolution is, therefore, limited by the data acquisition system at 600 μG when supplied at 5 V DC.
A LabVIEW program was used for conducting Helmholtz coil calibrations, visualizing the location of the sensors, implementing sensor resets, performing coordinate rotations, and acquiring data. The maximum real-time sampling rate was 100 Hz. The electronic noise level of the readings was measured to be less than ±10 μV, which translates to a sensitivity of at least 2 mG. The measured magnetic field signal standard deviation is typically less than B = ±1 mG. For a single magnet and single sensor, (11) can be used to calculate the lower bound on the temperature estimation noise of the sensor. For Nd-Fe-B magnets with C T = −0.095%/°C, and a maximum field magnitude that can be measured by the sensor of B T j (T 0 ) = 6 G, the lower bound on the temperature estimation noise for this sensor isˆ T = ±0.175°C.
Type K thermocouples and a 16-port thermocouple acquisition module (NI 9213) were used to calibrate and verify the temperature measurements. These thermocouples are slightly magnetic and contain nickel, but the measured effect is small and can be compensated if calibrated in situ. A temperaturecontrolled chiller (Thermo NESLAB RTE 7) was used for calibrating the temperature coefficient. Linear and rotational motion stages (Newport LTA-HS and PR50PP) were used for creating the measured magnetic field map in conjunction with a motion controller (Newport ESP301-3G) and LabVIEW.
The mechanical setup uses 24.5 and 12.7 mm spacing optical bench components to accurately place magnets and sensors. Aluminum and plastic screws and optical bench components were used in order to minimize any field steering effects from ferromagnetic and paramagnetic materials.
V. MAGNET TEMPERATURE CHARACTERISTICS
Magnets have a variety of thermal characteristics that can affect how magnetic field measurements are interpreted. This includes the dynamic response, temperature coefficients, and nonlinear hysteretic effects. The evaluation of these characteristics allows us to select the best magnet for a particular application.
A. Dynamic Temperature Response
The dynamic temperature response determines how quickly the magnet responds to a temperature change in the environment. The magnets used for these experiments are cylindrical, typically with a diameter of D = 3.175 mm and a length of L = 3.175 mm. Cylindrical magnets were chosen because they are axisymmetric in shape, and the direction of the magnetization vector is easy to verify. For systems where the Biot number is much less than
1, a simple lumped parameter heat capacitance model can be used. Here, h T is the heat transfer coefficient of the material in contact with the magnet, L c is the characteristic length of the magnet, and k T is the thermal conductivity of the magnet. The temperature profile evolves over time as T j = (T 0 − T e )e −t /τ + T e , where τ = (ρ j c pj V j )/(h T A s j ) is the time constant, T e is the environmental temperature, ρ j is the density of the magnet, c pj is the heat capacitance of the magnet, and A s j is the surface area exposed to the environment.
In order to estimate the time constants, a series of experiments was conducted. Each magnet was attached to an aluminum post using low thermal conductivity glue (leaving all the other sides exposed to the environment) and the post is attached so that a container of hot water can be moved freely beneath it. A single sensor is used to monitor the magnetic field along the axis of magnetization. Then, the container of hot water is quickly raised beneath the magnet until the magnet is covered. The magnetic profile is monitored over time and the magnetic field changes as a function of applied environmental temperature T e are shown in Fig. 6 for a variety of magnets of different sizes. The sizes of the magnets are listed in Table I . The estimated Biot number for these permanent magnets in water is on the order of Bi ∼ 1 × 10 −2 .
An approximate fit can be obtained to estimate the measured time constant and these are listed in the Measured τ column of Table I . Since the magnets were not the same size, the volume and surface area exposed to the fluid can be normalized to a uniform size producing the normalized time constant estimates. This facilitates the comparison of different magnet types irrespective of their size. It is clear that the normalized time constants for the different magnets are very similar. Table I . The tests were conducted with water bath temperatures up to 40°C for Nd-Fe-B and 60°C for other types. The magnetic field values were measured from a distance of 19 mm from the magnet center to the sensor center. The vertical axis is the instantaneous magnetic field change 1 − A j (%) defined in (6) divided by the temperature difference (°C) between the initial magnet temperature T 0 and the water bath temperature T e . In steady state, the vertical axis is equivalent to C T . Inset: experimental setup where a container of hot water is lifted to cover the magnet (blue), glue, and aluminum post (gray) is shown. This is then measured by the black sensor on the green circuit board. The blue arrow indicates the magnetic field orientation. The violet thermocouple indicates the temperature reference.
This may be related to ρ j c pj invariance across the magnetic materials.
From this experiment, it is also possible to estimate the temperature coefficient C T once the temperature of the magnet settles to the environmental temperature. The Nd-Fe-B magnets and the ceramic magnets, also known as ferrite magnets (composed of strontium carbonate and iron oxide), tend to have the largest C T values making them good candidates for temperature measurements. Ceramic magnets have a weaker magnetic field strength whereas the Nd-Fe-B magnets have a lower Curie temperature, which limits their operating temperatures. The linear temperature region of a magnet is related to its Curie temperature and its permeance coefficient. The permeance coefficient for cylindrical magnets in an open circuit is approximated as [32] ,
which indicates how difficult it is for field lines to go from one pole to the other. A magnet with a higher permeance coefficients (taller cylindrical magnets) can operate at a higher temperature before demagnetization occurs [15] , [32] .
In general, the operator should choose a magnet with the highest possible C T for the operating temperature range, the largest possible P C , and the largest possible field strength (largest dipole moment magnitude M 0 V j or largest normalized B z from Table I ) for the allowable distance between the magnets and the sensors. These criteria would generally lead to large magnets with long time constants. One possible solution to working with slow time constants is to create a nonparametric impulse response for the magnet, which can then be deconvolved with the measured temperature profile derived from the magnetic field to obtain the instantaneous applied temperature field.
From this analysis of different magnets, cylindrical N52 grade Nd-Fe-B magnets (K&J Magnetics D22-N52) were chosen for the subsequent experiments. The magnets were axially magnetized and nickel plated. The magnets used in these experiments had relatively uniform properties so the same C T value listed in Table I for Nd-Fe-B magnets was used for all the magnets in the subsequent experiments. It was not necessary to calibrate the C T value of each magnet separately. The uniform magnetization of Nd-Fe-B is M 0 ≈ 1.16 × 10 6 A/m.
B. Linear and Hysteretic Characteristics
There are three different types of temperature effects in permanent magnets: reversible losses, irreversible but recoverable losses, and irreversible and unrecoverable losses. Reversible magnetic field magnitudes over certain temperature ranges can be described by the linear temperature coefficient C T , which depends on the permeance coefficient, the material stress state, and the material composition properties. At higher temperatures, the operating point of the magnet can fall below the knee of the demagnetization curve, and the material undergoes irreversible losses that can only be recovered via re-magnetization. The knee in the demagnetization curve is caused by a difference in the temperature coefficients for the intrinsic coercive force and the residual induction [23] . Near the Curie temperature, the magnetic moments in the material are randomized causing permanent demagnetization such that the residual induction cannot be recovered via re-magnetization [23] .
For temperature experiments, it is desirable to operate in the first regime above the knee of the demagnetization curve. It is also desirable, but not necessary, to operate in the linear portion of the reversible range. For the temperatures and magnet types tested in this paper, a linear model represents the data and behavior well. However, the temperature behavior in the reversible regime may not be perfectly linear for all magnet types and all temperature ranges, therefore alternative nonlinear models can be used in these cases [33] .
In order to determine the operating range for Nd-Fe-B magnets, a single magnet is measured with thermocouples and a three-axis magnetic field sensor while attached to the copper coil of a temperature-controlled chiller. The reference temperature is measured by averaging the temperatures of the thermocouple probes to minimize contact resistance bias. Because the chiller experiments are relatively slow (taking up to 2.5 hours for a full test), the temperatures inside the magnet are relatively uniform and the two thermocouple measurements vary by at most 5.8°C. Fig. 7(a) can be used to verify the linear temperature coefficient of the remanence or residual induction C T of the magnet [23] . For the cylindrical Nd-Fe-B magnets, the maximum temperature in the reversible linear regime corresponds to approximately 60°C. As the magnet temperature is ramped up and back down, the red curve follows clockwise around the small loop. This small amount of nonlinear hysteresis may be due to the low mobility of the microscopic domains inside the magnets, and can account for up to ±2.4°C in temperature estimation error if not modeled. Fig. 7(b) shows the consequences of operating in the irreversible but recoverable regime. Following the red line from the top-left corner going clockwise, the curve becomes much more nonlinear as the temperature is ramped up past 60°C and then ramped down, resulting in a total magnetic field strength loss of 6% when the setup returns to the starting temperature of 5°C. This is due to the irreversible change in the operating point [34] . As the temperature increases, the operating point follows the intersection of the load line with the normal curve at different temperatures. At the higher temperatures tested in this experiment, the operating point falls near the knee of the demagnetization curve, causing an irreversible but recoverable loss such that the new operating point at the end of the temperature cycle corresponds to a lower remanence or residual induction [34] .
On an average, the temperature coefficient obtained from the increasing and the decreasing temperature ramps for both these experiments is comparable with the estimates obtained from the time constant experiments, producing an average linear reversible temperature coefficient of the residual induction or remanence near C T = −0.095%/°C. Temperature calibrations along the axis of magnetization of a 3.175 mm diameter and 3.175 mm long Nd-Fe-B cylindrical magnet for (a) linear recoverable temperature range up to 42°C and (b) irreversible but recoverable hysteretic temperature range up to 75°C are shown. These calibrations are used to calculate the reversible temperature coefficient of the residual induction or remanence C T and determine the linear recoverable temperature region. The magnetic field change 1 − A j is defined in (6) . The temperature of the magnets are ramped up and then down with the curves following clockwise. Inset in (a): experimental setup where the orange copper coil contains water flowing from a temperature-controlled chiller is shown. The blue magnet with a blue arrow indicating the magnetic field vector is measured by the black sensor on a green circuit board. The two violet thermocouple probes provide the temperature reference.
VI. DISTRIBUTED TEMPERATURE MEASUREMENTS
The configuration of the magnets can affect the quality and accuracy of the temperature measurements. First, the temperature results of nine magnets oriented by trial-and-error are discussed in Section VI-A. Then, the improved temperature estimates for nine magnets oriented using the optimal experimental design procedure are displayed in Section VI-B. The characteristics of the inversion process using different numbers of sensors axes and magnets are also explained.
A. Sensing of Nine Magnets
A nine-point planar arrangement of magnets in a 3 × 3 grid with four sensors is shown in Fig. 8(a) and (b) . The location of the magnets and sensors is also listed in Table II . In configuration A, the magnet orientations were selected by trial-and-error, inserting each magnet in a different orientation than its nearest neighbors.
For these experiments, a thermocouple is attached to each magnet using a cyanoacrylate adhesive and each of these Table I for Nd-Fe-B, was used for solving all the magnet temperatures in this setup. Dotted lines: measurements from the temperature inversion of the magnetic field are indicated. Darker solid lines: measurements made using the thermocouples are shown.
assemblies is then wrapped in Teflon to help minimize thermocouple measurements of temperatures that are not sensed by the magnet. Nevertheless, the thermal isolation does not completely prevent either the magnets or the thermocouples from measuring temperatures that are not detected by the other sensor. Mismatched thermal measurements may occur on either sensor type via convection, thermal radiation, accidental contact with temperature sources, or conduction through the aluminum posts, Teflon, or the metal thermocouple bodies. In addition, the magnets have a finite size and can have small temperature gradients.
The thermal contact resistance between the thermocouple and the magnet prevents the two objects from having the same temperature. If temperature sources are applied to the magnet, then the thermocouple measurements will typically have a smaller temperature change due to this thermal resistance. From test to test, there is some variation in how temperature sources are put in contact with the sensors, and therefore the thermocouple measurements serve only as a guide for the trends seen in the magnetic sensor temperatures.
The P matrix for this configuration is calibrated by inserting each magnet and thermocouple assembly in sequence. Next, experiments are conducted by applying small blocks of ice and ice water to each magnet in sequence. The sampling rate of the thermocouples was limited to 1 Hz, but the magnetic sensors were sampled faster at 10 Hz. The temperature inversion solution for a single magnet (magnet 3) is shown in Fig. 8(c) and the solution for all nine magnets is shown in Fig. 8(d) . As exhibited by the thermocouple and magnetic field temperature estimates in Fig. 8(c) , each magnet appears to decrease in temperature with a time constant of 12 to 15 s when the ice water is applied and slowly returns to ambient temperature with a time constant of 35 to 40 s once the ice-water source was removed. The first time constant corresponds well with the time constant for Nd-Fe-B magnet listed in Table I if only the top face is exposed to water. The second time constant corresponds with convection to the air and evaporative cooling.
In Fig. 8(d) , it is clear that the noise in the temperature estimate for magnet 5 is very large, whereas the temperature estimates for all the other sensors match better with the thermocouple measurements. There are several different factors, which contribute to this effect. First, magnet 5 is in the middle of the array and is the furthest from all the sensors, which causes its signal contribution on all the sensors to be the lowest. Since the noise level on all the magnetic field sensors is approximately the same, magnets with lower calibrated and measured field magnitudes will have more variance, as illustrated by (11) . Another contributor to the noise is the presence of a large number of additional magnets, which may have correlated terms in the P matrix with the terms from magnet 5. This can introduce additional variance into the estimate for magnet 5 as well as all the other magnets, as illustrated by (12) .
Because the temperature solution equations are linear, the magnetic field contribution of magnet 5 is relatively small, and the magnetic field variation due to temperature changes of magnet 5 is also relatively small, it is possible to remove magnet 5 from the inversion process. This is done by subtracting the magnetic field contributions of the magnet from the measured data and by deleting columns from the P matrix. The solution from using four sensors and only eight magnets (excluding magnet 5) is shown in Fig. 8(e) . The temperature estimates for the eight magnets in this solution are fairly similar to those obtained in Fig. 8(d) except that the standard deviation of some of the temperature estimates is lower.
Several different solutions can be obtained by changing the inversion dimensions through dropping different magnets and sensor axes from the measurements and from the P matrix. Table III shows the standard deviation of the estimate on each magnet and the condition number of the P P matrix for several different inversion dimensions. The standard deviation of each temperature estimate was measured by taking the first 10 s of data from the experiment. For configuration A, these measured standard deviation values T in Table III were within 18% of theˆ T values estimated via (12) for a measured electronic noise standard deviation of B = 0.78 mG.
The matrix condition number is a good metric for comparing different inversion dimensions. This value can be obtained from the insertion calibration and, therefore, can be used to assess the inversion properties of the setup before the experiment is conducted. Because the condition number only compares two eigenvalues, this metric only assesses the performance of the magnet with the worst inversion characteristics with respect to the magnet with the most favorable inversion characteristics. The measured standard deviations or the a priori estimated standard deviations from (12) are better metrics for understanding the inversion characteristics for each magnet in the experiment.
For inverting nine magnet temperatures with configuration A, there are three different rows in Table III . The first row shows the metrics for the solution in Fig. 8(d) . The second row removes the contribution of sensor 4 completely and leaves a square P matrix, where the number of magnets is equal to the number of sensor axes. The third row removes specific sensor axes measurements that have the smallest contributions to the temperature estimates. Clearly, the solution in the second row is poorly conditioned, since it has very large temperature estimation standard deviations that are at least an order of magnitude larger than the standard deviations measured in the third row. The condition number and the measured standard deviations of the third row are only slightly worse than the original measurements in the first row even though the first row has three more measurement axes. This shows that it is possible to obtain temperature measurements when the number of sensor axes are equal to the number of magnets K = J if the sensor axes are carefully chosen.
The fourth row of Table III has the lowest condition number and some of the lowest estimated temperature standard deviations. This indicates that dropping magnet 5 from the inversion in this case can actually improve the temperature estimate for the other magnets. The fifth row of the table shows the metrics for eight magnets and eight sensor axes, where Table I for Nd-Fe-B, was used for solving all the magnet temperatures in this setup. Dotted lines: measurements from the temperature inversion of the magnetic field are indicated. Darker solid lines: measurements made using the thermocouples are shown.
the standard deviation of the measurements and the condition number remain low. This indicates that it is also possible to drop a magnet from the inversion and still successfully obtain a solution in the limiting case, where K = J .
B. Optimal Magnet Orientations
The method for finding the optimal magnet orientations described in Section III-D was implemented to find an experimental configuration with a lower condition number and better measurement variance characteristics. First, the sensor and magnet positions were fixed and only the cardinal directions (x, y, and z) were used for the magnet orientation optimization in order to reduce the number of calculations and to simplify the assembly of the experiment. Due to symmetry, the six cardinal directions can be reduced to n c = 3 orientations such that m j = (1, 0, 0), (0, 1, 0) , or (0, 0, 1) for each magnet. Using n o = 9 magnets leads to a total of n n o c = 19 683 simulations, which can be completed in a matter of seconds. Solutions with better characteristics may exist if more discrete orientations were used for the simulations.
The configuration with the lowest condition number (configuration B) is shown in Fig. 9(a) and (b) , and the approximate positions and orientations are listed in Table IV . Due to setup symmetry, this configuration can be flipped along the x-axis or any magnet can be flipped by 180°to achieve the same condition number. In order to keep the measured magnitudes of the magnetic fields on each magnet below the maximum reading of the sensor, some of the magnets were rotated by 180°. The simulated condition number was 7.09, and the condition number experimentally achieved was 9.98. The difference most likely comes from errors in position and rotation measurement and differences between the dipole model and the measured magnetic field, as shown in Fig. 3 . As a result of the improved configuration, it is now possible to estimate the temperature of all nine magnets in the setup with low noise, including magnet 5, as shown in Fig. 9(c) .
In configuration A, the temperature error of magnet 5 in the center was very high. In the optimal experimental design solution shown in configuration B, the orientation of magnet 5 is in the y-direction, whereas all the other sensors are oriented in the other two cardinal directions. The uniqueness of the orientation of magnet 5 helps to distinguish its measured contribution on the sensors. The forward simulations produced several other possible configurations with relatively low condition numbers, and in each of them, magnet 5 had an orientation that was different from the other magnets. These other solutions also had some degree of fold symmetry, most likely due to the low number of magnet orientations allowed in the solution.
The estimated temperature noise standard deviations for configuration B are generally lower than the results obtained for configuration A, as shown in Table III for all inversion dimension combinations. In addition, the condition number is consistently lower for configuration B than for configuration A for all inversion dimensions, including when sensor 4 is dropped from the inversion. On an average, the temperature standard deviation of configuration B with nine magnets and 12 sensor axes is 2.8 times less than for configuration A. Configuration B with nine magnets and 12 sensor axes has a condition number of 9.98, whereas configuration A has a condition number of 967 for the same inversion dimensions. For the eight magnet inversion dimension cases (last two rows of the table), the condition number does not differ greatly from the nine magnet and 12 sensor axes case, with condition Fig. 9 are shown. The graph shows the estimation of the temperature on all nine magnets. The magnets in this experiment are each individually heated in sequence using a stream of hot water from a squeeze bottle. The magnet number is listed above the curve for each magnet as it is heated. The same C T value, listed in Table I for NdFe-B, was used for solving all the magnet temperatures in this setup. Dotted lines: measurements from the temperature inversion of the magnetic field are indicated. Darker solid lines: measurements made using the thermocouples are shown. Inset: experimental configuration.
numbers remaining between eight and ten. This indicates that by placing magnet 5 in a different orientation than all the other magnets, it has a smaller influence on the temperature solution of the other magnets. Clearly, choosing an optimized experimental configuration can improve the characteristics of the temperature solution and reduce estimation noise.
C. Sensing Through Opaque Vessels
One of the benefits of this temperature sensing topology is the ability to measure temperatures wirelessly through opaque vessels. For ferromagnetic or paramagnetic materials, the magnetic field must be calibrated for each magnet while it is inside the container. For materials with a relative permeability near unity, the techniques described in this paper can be applied directly without modification. For example, austenitic stainless steel, such as 304-grade stainless steel, has a relative permeability of 1.0 if not cold worked [35] . Therefore, the magnet arrangements can be calibrated with or without the austenitic stainless steel container, and accurate temperature readings can be obtained. Fig. 10 shows an experiment where a 304 stainless steel tube with 6.35 mm thick walls and a 31.75 mm outer diameter is placed over the setup in Fig. 9(a) after calibration. The same calibration was used for this experiment and the experiment without the tube is described in Section VI-B. For this experiment, the tube is rather tall, and therefore temperature sources were applied from the top of the tube. A continuous stream of hot water from a squeeze bottle is used in this case. Because a higher volume of hot water is used and the hot droplets are continuously being replenished, the heat transfer in this experiment was more efficient. Therefore, the thermal time constant is faster than in the ice-water case and the magnet reaches the hot water temperature much faster.
The nine-magnet inversion solution using all four sensors is shown in Fig. 10 and the experimental arrangement is shown in the inset. These results show a good match between the thermocouple and magnetic field inversion temperature measurements. Much of the mismatches between the thermocouple and magnetic field sensor estimates are due to the thermal contact resistance between the magnet and the thermocouple. In this case, this causes a bias where the thermocouple measurements tend to have lower temperatures than the magnetic field solutions. Because of the enclosed tube and the accumulation of hot water inside the setup, the base temperature of all the magnets rises by up to 6°C by the end of the experiment. This slow temperature rise is tracked successfully by the magnetic field sensors. Since the hot water temperature approached the maximum reversible temperature limit of the magnets, a small amount of magnetization loss was also observed.
VII. CONCLUSION Since the change in magnetic field due to temperature scales unfavorably with respect to the change in the magnetic field due to position or orientation, there has been little emphasis on temperature sensing with multiple magnets. Previous work has successfully used a single magnet and a single sensor for temperature sensing [2] , [15] . The technique proposed in this paper is able to measure the temperature of a distribution of closely spaced magnets by using least squares inversion. The experimental procedures are discussed and the results show that it is possible to track the temperature of nine magnets with low noise if optimal magnet orientations are utilized.
The temperature ranges for these experiments were typically between 5°C and 60°C, the error associated with uncompensated hysteresis in this temperature range is approximately ±2.4°C, and the measured standard deviation of the temperature estimates can be as low as ±0.25°C. The temperature range and hysteresis values are similar to those reported in the literature [2] . We show in this paper that the low-noise temperature estimates can be obtained from magnets that are up to 35 mm from the nearest sensor. Generally, the noise level increases with the number of magnets and decreases with the addition of extra sensors. One method to obtain lower noise would be to place more sensors closer to the magnets. Larger magnets and magnets with higher C T values could also increase the sensor to magnet distances.
It is important to note that the maximum magnet to sensor distance measured in this paper does not approach the fundamental limit. One way to obtain further distances would be to use higher dynamic range sensors with better noise characteristics. The maximum sensor to magnet distance can be increased significantly, if higher sensitivity superconducting quantum interference devices (SQUIDs) are utilized. The stateof-the-art SQUIDs can have a sensitivity of 1 × 10 −11 G [36] , which is almost eight orders of magnitude more sensitive than the instrumentation used in this paper, with a sensitivity slightly better than 1 × 10 −3 G. With the dominant 1/R 3 scaling of the magnetic field, these sensors can potentially increase the sensor to magnet distance by 464 times the values used in this paper (up to 16 m) while maintaining similar noise characteristics if conducted in a magnetically shielded room.
In this paper, we also show that careful calibration and optimization of the magnet orientations can maximize the signal-to-noise ratio. By using the magnet orientations generated by the optimal experimental design procedure, we were able to show a large improvement in the temperature solution. In addition, the condition number for nine magnets and four sensors decreased by two orders of magnitude and the measured temperature solution standard deviation decreased by up to 7.7 times for magnet 5 at the center of the setup.
There are several applications for this sensor scheme, including measuring the temperature distribution inside bearings, batteries, pressure vessels, and other opaque enclosed spaces, where wire feedthroughs are prohibited. There are also many interesting future areas to explore, including measuring the temperature of non-stationary magnets [21] . Simultaneously measuring position, orientation, and temperature [8] of a permanent magnet would be another area of interest. The techniques proposed in this paper could also be applied in efforts to obtain more accurate, temperature compensated, magnet position tracking.
